In this paper we establish a number of new estimates concerning the prime counting function π(x), which improve the estimates proved in the literature. As an application, we deduce a new result concerning the existence of prime numbers in small intervals.
Introduction
After Euclid [5] proved that there are infinitly many primes, the question arised how fast π(x) = p≤x 1 increase as x → ∞. In 1793, Gauss [6] conjectured that
which is equivalent to π(x) ∼ x log x (x → ∞).
In 1896, Hadamard [7] and de la Vallée-Poussin [16] proved, independently, the relation (1), which is actually known as the Prime Number Theorem. A well-known asymptotic formula for π(x) is given by π(x) = x log x + x log 2 x + 2x log 3 x + 6x log 4 x + . . .
In this short paper we prove the following upper and lower bound for π(x) for n = 8 . Panaitopol [11] showed another asymptotic formula for π(x), by proving that
log n x (4) for every n, where lim x→∞ α n (x) = 0 and positive integers k 1 , k 2 , . . . , k n are given by the recurrence formula k n + 1!k n−1 + 2!k n−2 + . . . + (n − 1)!k 1 = n · n!.
For instance, we have k 1 = 1, k 2 = 3, k 3 = 13, k 4 = 71, k 5 = 461 and k 6 = 3441. In view of (4), we find the following estimates for π(x) for n = 6. 
As an application of these estimates, we obtain the following result concerning the existence of a prime number in a small interval.
Theorem 1.5. For every x ≥ 58836 there is a prime number p such that
Skewes' number
One of the first estimates for π(x) is due to Gauss. In 1793, he computed that π(x) < li(x) holds for every 2 ≤ x ≤ 3000000 and conjectured that π(x) < li(x) holds for every x ≥ 2. However, in 1914, Littlewood [10] proved, that π(x) − li(x) changes the sign infinitely many times by showing that there is a positive constant K such that the sets
are not empty and unbounded. However, Littlewood's proof is non-constructive and up to now no x ≥ 2 is known such that π(x) > li(x) holds. Let Ξ := min{x ∈ R ≥2 | π(x) > li(x)}. The first upper bound for Ξ, which was proved without the assumption of Riemann's hypothesis, is due to Skewes [14] 
New estimates for π(x)
Since there is no efficient algorithm for computing π(x), we are interested in upper and lower bounds for π(x). Up to now the sharpest estimates for π(x) are due to Dusart [3] . In 2010, he proved that the inequality
holds for every x ≥ 2953652287 and that
for every x ≥ 88783. To find new estimates, we consider the so-called Chebyshev-function
The following relation between π(x) and θ(x) is well-known.
Proof. See Apostol [1, Theorem 4.3].
Before we give our first new estimate for π(x), we mention a result [3] about the distance between x and θ(x), which plays an important role below.
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Proof. See Dusart [3] .
By using Table 6 .4 & Table 6 .5 from [3] , we obtain the following result.
Proof. We set a = 3600 and ε ψ = 6.93 · 10 −12 . Then we have
for every 0 ≤ i ≤ 75. By [4], we can choose ε ψ = 6.49 · 10 −12 for every e 3675 ≤ x ≤ e 3700 , so that the inequality (11) holds with ε ψ = 6.49 · 10 −12 for every 75 ≤ i ≤ 100 as well. It follows from Table 6 .4 and Table 6 .5 in [3] that we can choose η 3 = 0.35 and x 0 (3) = e 30 in (10). Now, let k ∈ N with k ≤ 4 and let η k , x 1 (k) be such that the inequality
holds for every x ≥ x 1 (k). To prove new estimates for π(x), Rosser & Schoenfeld [12] introduced the following function, which plays an important role below as well.
Definition. For every x > 1, we define
Proof. The claim follows from (13), (12) and (9).
Some new upper bounds for π(x)
We prove our first main result.
Proof of Theorem 1.1. We denote the term on the right hand side of (3) by δ(x) and set δ(x, y) = xδ(y)/y. Let x 1 = 10 14 . We obtain
for every x ≥ x 1 . Since we have θ(x 1 ) ≥ 99999990573246 by [3] , π(x 1 ) = 3204941750802 and log x 1 ≤ 32.2362, we obtain
It follows that δ(
Using (14) und (15), we obtain δ(x) > π(x) for every x ≥ x 1 . We have
To obtain the required inequality for every 47 ≤ x ≤ 5 · 10 5 , it suffices to check with a computer, that δ(p i ) > π(p i ) holds for every π(47) ≤ i ≤ π(5 · 10 5 ) + 1, which is really the case.
Since π(46) < δ(46) and δ ′ (x) < 0 is fulfilled for every 1 < x ≤ 46, we obtain δ(x) > π(x) for every 1 < x ≤ 46.
It remains to consider the case 46 < x ≤ 47. Here δ(x) > 15 > π(x), and the theorem is proved.
Remark. The inequality in Theorem 1.1 improves Dusart's estimate (7) for every x ≥ e 23.11 .
By using Proposition 2.1, our third main result.
Proof of Theorem 1.3. We denote the right hand side of Theorem 1.3 by ξ(x). Let x 1 = 10 14 and let
Then g(t) > 0 for every t ≥ 3.804. We set h(t) = 29470t 10 + 11770t 9 + 39068t 8 + 164238t 7 + 712906t 6 + 3255002t
Since h(t) ≥ 0 for every t ≥ 1, we obtain
for every x ≥ e 3.804 . Let K 1 = 102839438084, a = 32.23619 and b = 32.236192. We set Since the left hand side of the last inequality is equal to x 1 (log 10 x 1 − (log 3 x 1 + 0.35)g(log x 1 )), we have
Moreover, K 1 ≥ π(x 1 ) − θ(x 1 )/ log x 1 by (16) and g(log x 1 ) > 0. Hence,
We divide both sides of this inequality by g(log x 1 ) log 4 x 1 > 0 and, by (17) and Proposition 3.3, we get ξ(x) > J 3,0.35,x1 (x) ≥ π(x) for every x ≥ x 1 . Now let 140000 ≤ x ≤ x 1 . We compare ξ(x) with li(x). We set r(t) = 0.35t 11 − 1.75t 10 + 1.75t
Then r(t) ≥ 0 for every t ≥ 10.9 and we obtain
for every x ≥ e 10.9 . We have ξ(140000) − li(140000) > 0.0024. Now use (18) and Proposition 2.1. We consider the case e 4.53 ≤ x < 140000. We set
Since s(t) ≥ 0 for every t ≥ 4.53, we get
for every x ≥ e 4.53 . Since g(log x) > 0 for every x ≥ e 3.804 , using (19), we obtain that ξ ′ (x) > 0 holds for every x ≥ e 4.53 . So we check with a computer that ξ(p n ) > π(p n ) for every π(e 4.53 ) ≤ n ≤ π(140000) + 1. Next, let 45 ≤ x < e 4.52 . Since we have s ′ (t) > 0 for every t ≥ 3.48 and s(4.52) ≤ −433, we get s(log x) < 0. Fromg (19), it follows that ξ ′ (x) < 0 for every e 3.804 ≤ x ≤ e 4.52 . Hence, ξ(x) ≥ ξ(e 4.52 ) > 26 > π(e 4.52 ) ≥ π(x) for every e 3.804 ≤ x ≤ e 4.52 . Finally, ξ(x) ≥ 26 > π(x) for every e 4.52 ≤ x ≤ e 4.53 , and the theorem is proved.
Remark. Theorem 1.3 leads to an improvement of Theorem 1.1 for every sufficiently large x. and for every x ≥ 9.25, we have
Proof. The claim follows by comparing each term on the rhs with the rhs of (5) and with li(x). For small x we check the inequalities with a computer.
Some new lower bounds for π(x)
Next, we prove the lower bounds for π(x) .
Proof of Theorem 1.4. We denote the denominator of the right hand side of (6) by ϕ(x). Then ϕ(x) > 0 for every x ≥ e 3.79 . Let x 1 = 10 14 . We set φ(x) = x/ϕ(x) and r(t) = 28714t 10 + 11244t 9 + 36367t 8 + 146093t 7 + 691057t 6 + 3101649t
Obviously r(t) ≥ 0 for every t ≥ 1. Hence
for every x ≥ e 3.79 . Since θ(10 14 ) ≤ 99999990573247 by Table 6 .2 of [3] , π(10 14 ) = 3204941750802 and 32.23619 ≤ log 10 14 ≤ 32.2362, we get
Hence, by (13), Using (20) and Proposition 3.3, we obtain π(x) > φ(x) for every x ≥ x 1 . Next, let x 2 = 8 · 10 9 and x 2 ≤ x ≤ x 1 . We set
For every 29 ≤ t ≤ 33, we get h(t) ≥ 0.443t 12 − 2.997t 10 > 0. For every 23 ≤ t ≤ 29, we obtain h(t) ≥ 13.723t 12 − 2.997t 10 > 0. Therefore
for every e 23 ≤ x 2 ≤ x ≤ x 1 ≤ e 33 . Since θ(x 2 ) ≤ 7999890793 (see Table 6 .1 of [3] ), π(x 2 ) = 367783654 and 22.8027 ≤ log x 2 , we obtain
Using 22.8 ≤ log x 2 ≤ 22.8028, we get
Using (21) and Proposition 3.4, we see that the required inequality holds for every x 2 ≤ x ≤ x 1 . It remains to consider the case 1332479531 ≤ x ≤ x 2 . We set
Since s(t) ≥ 0 for every t ≥ 4.6, we obtain
for every x ≥ e 4. 6 . And again we use a computer to check that π(p i ) ≥ φ(p i+1 ) is fulfilled for every π(1332479531) ≤ i ≤ π(x 2 ) + 1.
Using a computer and Theorem 1.4, we obtain the following weaker estimates for π(x). Proof. By comparing each right hand side with the right hand side of (6), we see that each inequality holds for every x ≥ 1332479531. For smaller x we check the asserted inequalities using a computer.
Now we prove Theorem 1.2 by using Theorem 1.4. 
for every x ≥ 1332479531. So it remains to obtain the required inequality for every 1332450001 ≤ x ≤ 1332479531. Let
and u(y) = y 8 − 0.35y 5 + 1.05y 4 − 39732. Since u(y) ≥ 0 for every y ≥ 3.8, it follows that U ′ (x) = u(log x)/ log 9 x ≥ 0 for every x ≥ e 3.8 . So we use a computer to check that the inequality π(p i ) > U (p i+1 ) holds for every π(1332450001) ≤ i ≤ π(1332479531).
Remark. Obviously, Theorem 1.2 yields an improvement of Dusart's estimate (8) .
Let a, b ∈ R and
for every x ≥ k ∈ N ∪ {∞} as well as
for every x ≥ k ∈ N ∪ {∞}.
Lemma 4.1. Let z 0 ∈ R ∪ {−∞} and let c :
for every x ≥ max{⌊z 0 ⌋ + 1, z 2 (b), z 3 (a)}, where z 3 (a) = min{k ∈ N | k c(k) ≥ z 1 (a)}. ) .
Since c(x) ≥ 1, our lemma is proved
In 2014, Trudgian [15] proved the following result. 
